The Bethe-Salpeter amplitudes of the bound states formed by two scalar particles with unequal masses are analyzed in the massive scalar particle exchange ladder model. The norms of the amplitudes are calculated numerically, and it is confirmed that the norm vanishes for the bound state corresponding to the complex eigenvalue of the coupling constant. The behaviour of the Bethe-Salpeter amplitudes in the momentum space is also investigated.
It is expected that the homogeneous Bethe-Salpeter (BS) equation describes the bound state in quantum field theory.
1) The BS kernel appearing in the equation is usually approximated by the contribution from the ladder graph only, and this is referred to as the ladder model. In this model, the BS equation can be regarded as an eigenvalue problem for the coupling constant at a given mass of the bound state.
For the scalar-scalar ladder model with scalar particle exchange, if the mass of the exchanged particle is nonzero, and if the two scalar particles have unequal masses, the corresponding eigenvalue equation cannot be reduced to a real form, when the invariant bound-state mass squared lies in the physical region, that is, between zero and the twoparticle threshold. In this case, it becomes a nontrivial problem whether the eigenvalues of the coupling constant are real or complex.
Naito and Nakanishi 2) made an argument that all eigenvalues would be real provided that eigenvalues had a certain analytic property. In the same year, zur Linden 3) published a paper suggesting the reality of eigenvalues by numerical calculation, and Kaufmann
4)
published a paper suggesting, on the contrary, that eigenvalues could become complex for some mass configurations of three scalar particles and the bound state. Ida 5) pointed out, in the next year, that the analyticity of eigenvalues assumed in Ref.
2) is never satisfied if the eigenvalue becomes non-real. Based on a rapid progress in computing technique made some twenty years in between, a rather extensive numerical calculation was performed to resolve these entangled situation.
6) It was found that complex eigenvalues appeared in the first and second excited states for the bound state mass squared around the pseudothreshold, and it was also argued that the appearance could not be regarded as an artifact of the numerical scheme employed there.
As a continuation of Ref. 6) , which exclusively dealt with the behaviour of eigenvalues, this paper concerns with the analysis of BS amplitudes (eigenvectors) of the eigenvalue equation. In the next section, the general formalism for the BS equation is presented. In § 3, the norm of the BS amplitude is calculated numerically. The norm of the BS amplitude corresponding to a complex eigenvalue is found, to within the numerical accuracy, to vanish. In § 4, the BS amplitudes of some bound states are depicted in the momentum space. Discussions and a further outlook are made in the final section. § 2.
BS equation and BS amplitude
The BS(Bethe-Salpeter or bound state) amplitude φ(p, p 4 ) with mass squared s (> 0), formed by two scalar particles with masses 1 + ∆ and 1 − ∆ by exchanging a scalar particle with mass µ obeys, in the ladder model, the following BS equation (after the Wick rotation) :
with σ = s/4 and 0 < = ∆ < 1. We shall denote, hereafter, the model specified above as the [1 + ∆ ⇐ µ ⇒ 1 − ∆] model. We regard Eq. (2·1) as an eigenvalue equation for the coupling strength λ, which has mass dimension +2. In this model, the two-particle threshold is equal to 4, while the pseudothreshold is 4∆
2 .
By introducing the polar coordinates in the four-dimensional momentum space (p, p 4 ),
we can reduce Eq. (2·1) to an infinite system of one-dimensional integral equations. Since the three-dimensional angular momentum l is a good quantum number, we can assume that the BS amplitude has the form
for suitable l (= 0, 1, 2, . . .) and m (−l < = m < = l). The four-dimensional spherical harmon-
, with associated normalization constants N L,l . By changing the variable p (the magnitude of the four-dimensional momentum) to z defined by
The BS amplitude φ(p, p 4 ) is expressed in terms of the g L,l (z) 's as
The derivation of the above equations and the explicit form of the integral kernel The result is summarized in Table I . As was explained in Ref. 6), our numerical method is based on the iteration-reduction scheme.
7) The relative error defined above is not referred to the reduced eigenvalue problem (for the excited state), but to the original eigenvalue problem: We must restore the eigenvector from the reduced eigenvector according to a certain prescription. 7) Since the eigenvalues are obtained to within 0.1% relative error, it can be said that our scheme can reproduce the eigenvector to the full accuracy as we can expect.
Having thus confirmed that the eigenfunction g L (z j ) satisfies the eigenvalue equation (3·1) accurately, we will calculate the norm of the BS amplitudes corresponding to the states listed in Table I . By the name "norm of the BS amplitude", we mean a quantity defined by
This is the same as considered by Naito-Nakanishi (the left hand side of Eq. (2·8) in 
In the above expression, Re g L (z) (resp. Im g L (z)) means the real (resp. imaginary) In the numerical analysis of an eigenvalue problem, it is a general feature that the accuracy of eigenvectors is lower than that of eigenvalues. Before starting our norm calculation, we expect, therefore, that the numerical value of the norm corresponding to the zero-norm state will be at best of order 10 −3 . We can thus safely say that the norms of the BS amplitudes corresponding to complex eigenvalues vanish. Theoretically it is known that if the norm of a BS amplitude does not vanish, this BS amplitude has a real eigenvalue. Although the converse statement is not true, we regard that our result amounts almost to an analytical proof that in the
there can appear complex eigenvalues. We have applied our calculation procedure to the 
. BS amplitude in momentum space
We have verified in the preceding section that the approximate s-wave eigenvector
L (z; s), corresponding to the k-th eigenvalue λ = λ k (k = 0, 1, 2) at the bound-state mass squared s, satisfies the eigenvalue equation (3·1) with a relative error less than 0.001% except for a few cases. We can thus expect that the corresponding approximate BS amplitude φ k (|p|, p 4 ; s) for k = 0, 1, and 2,
reflects the behaviour of the original BS amplitude in the Wick-rotated four-dimensional momentum space rather accurately. In this case, the symmetry (antisymmetry) of the real (imaginary) part of the amplitude under the p 4 inversion is broken. It seems, however, impossible to judge from Fig. 1 and Fig. 2 that the BS norm of the former is ∼ 0.216 while that of the latter is ∼ 0.0. As the last example, the absolute value of the ground state at s = 3.9 is plotted in Fig. 3 .
Fig. 3
The support of the amplitude is concentrated near the origin, especially in the p 4 variable, as it should be in the nonrelativistic limit. § 5. Summary and discussion
In this paper, we have analyzed numerically, as a continuation of our previous paper, 
